In this paper, the comparative analysis of the thermal explosion (TE) critical conditions on the planes temperature-conversion degree and temperaturetime was conducted. It was established that the ignition criteria are almost identical only at relatively small values of Todes parameter. Otherwise, the results of critical conditions analysis on the plane temperature-conversion degree may be wrong. The asymptotic method of critical conditions calculation for the first-order reactions was proposed (taking into account the reactant consumption). The degeneration conditions of TE were determined. The calculation of critical conditions for specific first-order reaction was made. The comparison of the analytical results obtained with the results of numerical calculations and experimental data showed that they are in good agreement.
Introduction
The problem of determination of critical ignition conditions for various explosives is one of the most relevant in the theory of combustion. It should be noted that the accounting of reactant consumption during preheating is the most complex aspect of this problem. It is well known that the chemical reaction kinetics is not taken into account in the classical thermal explosion (TE) theory [1] . This approximation is quite reasonable in the case when the small reactants consumption leads to significant heat release and fast increase in chemical reaction rate. The inclusion of reaction kinetics leads to the significant mathematical problems in terms of the joint consideration of the heat conduction 2017 The Author(s) Published by the Royal Society. All rights reserved. From the point of view of the modern numerical simulation methods, it is not a serious problem. However, if we deal with the multi-dimensional and multi-parametric problem, the application of these methods is limited and they do not give the general and comprehensive notion of the relationship between parameters on the ignition limit. The problem becomes much more complicated when we consider an arbitrary kinetic function. In terms of the homogeneous exothermic reactions with reactant consumption, the method of integral manifolds is one of the most known mathematical methods of TE critical conditions determination. Development of this method began in the 1960s of the last century due to the wellknown work [2] . The method consists in considering the behaviour of phase trajectories on the plane temperature-reactant concentration [3, 4] . In this case, the critical conditions are determined by the qualitative (abrupt) change of the structure of phase trajectory with the appearance of inflection point. The calculation of the corresponding critical trajectory is determined by the general methods of asymptotic solutions of nonlinear differential equations with small parameter (integral manifolds) [5, 6] . In the works [7] [8] [9] , the alternative method of maximum temperatures which is based on the solution of nonlinear integral equations was proposed. With the use of this method, the algebraic set of equations for TE critical conditions determination for any kind of kinetic function was obtained. The analysis of this set showed the satisfactory agreement with results of numerical calculation and experimental data for the second-order reactions. In this work, the comparative analysis of the method proposed and integral manifolds method was made. The TE critical conditions for the first-order reactions and degeneration conditions were analysed. The critical ignition conditions for specific first-order reaction were considered. The nomenclature used is listed in 
Asymptotic methods for critical conditions calculating
The generalized set of the self-heating dynamics and the product formation kinetics equations (with an external heating source w) can be written in the dimensionless form as follows [5] [6] [7] [8] [9] :
.
The initial conditions are: τ = 0, θ = 0 and y = y 0 . Here, θ = (E/RT 2 0 )(T − T 0 ) is the dimensionless temperature, y 0 ≤ y ≤ 1 is the conversion degree (fraction reacted), ϕ(y) is the kinetic function, γ is the Todes parameter (the ratio of the characteristic time of heat release to the characteristic time of chemical reaction), δ is the Semenov parameter (the ratio of the characteristic time of heat release to the characteristic time of heat removal), T 0 is the initial temperature, E is the activation energy. w = W/W 0 is the ratio of the external heating power to the heating power of chemical reaction at T = T 0 , β = RT 0 /E is the Arrhenius parameter. The form of γ , δ parameters depends on the specificity of the exothermic reaction.
Taking into account equation (2.1), the dimensionless equation of phase trajectories for homogeneous n-order reactions at w = 0 can be written as follows:
The schematic behaviour of phase trajectories for the simplest case of first-order reactions (Frank-Kamenetsky problem at β = 0) is presented in figure 1 . The subcritical trajectory 1 is characterized by insignificant heating of reacting system. The appearance of inflection point 1 a leads to a restructuring of the phase portrait and the post-critical trajectory 1 is characterized by significant heating and fast increase in temperature. In the work [2] , the critical point a was defined from the condition of tangency of the phase trajectory θ(y) and inflection isocline d 2 θ /dy 2 = 0 (equation (2.1) ).
The method of integral manifolds [3] [4] [5] [6] gives an opportunity to determine the form of the critical trajectory C analytically with the use of the singular perturbation method (taking into 
. c is the critical trajectory, C is the critical point. 1 is the subcritical trajectory, 1 is the post-critical trajectory; δ 1 < δ c < δ 1 . The maximum temperature increases along the direction m.
account the smallness of parameter γ ). However, the important question arises: why just the phase plane θ − y should be considered? Indeed, there are a lot of other methods to describe the behavior of the system (2.1) [10] . For example, many authors have been suggested to introduce the plane θ − τ . From this point of view, the ignition phenomenon can be considered as the appearance of inflection point on the dependence temperature-time [10] . It is the only reasonable criterion because we observe the TE phenomenon as the fast increase of temperature with time (not with concentration!). In the work [11] , the author suggested to introduce the phase planeθ − θ. In this case, the extreme points on this dependence determine the inflection points on thermogram θ − τ . For the first-order reactions, the author obtained the inflection isocline equation d 2 θ /dτ 2 = 0 in the form:
Here ξ =θ/δ, η = γ /δ. It is easy to show that the equation of inflection isocline d 2 θ/dy 2 = 0 on the plane ξ − θ has the form: Figure 2 shows the dependences of (2.3) and (2.4) for the various values of parameter η. As follows from figure 2a, the critical conditions on the parametric plane ξ − θ are different significantly. Indeed, the appearance of two inflection points on thermogram (θ − τ plane) occurs first at the point C. The tangency of phase trajectory and isocline II occurs after ignition. It can be shown that the isocline I is located below the isocline II.
Hence, the appearance of two inflection points on the trajectory θ − y (figure 1) is the postcritical condition. The ignition phenomenon occurs earlier. However, the isoclines I and II almost coincide at relatively low values of parameter η (figure 2b).
In accordance with the study [7, 8] , the authors suggested the alternative criterion which was obtained for maximum temperatures of reaction. The equation of general form for arbitrary kinetic function ϕ(y) was considered: As it was shown in the work [7] , the following approximate algebraic equation is valid for the low temperature modes (γ θ 1) of exothermic reactions:
, (2.6) where θ m is the maximum temperature of reaction and y m is the corresponding conversion degree, F(y) = dy/ϕ(y). The algebraic equation (2.6) has no solution at γ = const. under condition:
Thus, the condition (2.7) can be considered as the impossibility of low temperature modes existence (it means the ignition). The equation (2.6), condition (2.7) and maximum condition (2.5) at dθ /dy = 0 lead to the general algebraic set for critical conditions determination (the kinetic law ϕ(y) is arbitrary):
As it was shown in [7] , the approximate solution is important from the point of view of demarcation of low and high temperature modes. Furthermore, the comparison of the results obtained (in terms of the first approximation) and the results of numerical calculation and experimental data showed the good agreement for the second-order reactions. It is worth noting that the set of equations (2.8) is not connected with the method of integral manifolds and its solution leads to the other results. In the present paper, the detailed analysis of the first-order reactions is presented.
First-order reactions (a) Critical temperatures
For the first-order reactions, the dimensionless parameters have the form [1] :
Here t r is the characteristic time of the product formation, t + is the characteristic time of heat release, t − is the characteristic time of heat removal, c is the molar heat capacity, Q is the heat effect of reaction, α is the heat transfer coefficient, V is the volume of reaction which is bounded by surface area S, k 0 is the pre-exponential factor, Thus, the set (2.8) at w = 0 can be represented as follows:
(1 + βθ c ) 2 and
Let us consider the undiluted system at y 0 = 0. The joint consideration of the second and third equation of the set (3.3) gives an opportunity to obtain the equation for critical temperatures:
The dependence (3.4) is presented in figure 3 . The dependence is ambiguous and degeneration conditions of TE are determined by the points a, b and c.
In order to obtain the analytical solution of equation (3.4), one can introduce the variable:
and
Then, equation (3.4) can be represented in the form:
Obviously, the conditions θ c ∼ 1, β 1 are valid for low temperature modes. Consequently, we can introduce the small value: ζ − 1 = ζ 1. After transformation, we can obtain the solution of equation (3.6) where
Using equations (3.5), (3.7) and (3.8), we can obtain the value of critical temperature:
At γ 1, the value λ − 1 can be considered as a small parameter. Consequently, the following series expansion is valid
Therefore, we can obtain (accurate to the first term of expansion):
It should be noted that the similar expression was obtained by the authors [9] for the secondorder reactions.
(b) Critical conditions
Taking into account equations (3.11) and (3.3), we arrive to the parametric dependence γ c [δ,β] at the limit of ignition: at relatively high values of parameter γ . The satisfactory agreement can be observed at γ < 0.01. The results obtained are in full agreement with the results presented in the part 1 ( figure 2) . Indeed, at γ /δ ≈ 0.1 (figure 2a), the TE occurs at much higher values of parameter δ than the method of integral manifolds predicts. The inflection plots almost coincide only at γ /δ < 0.01 (figure 2b). Figure 5 shows the dependences of maximum temperature on parameter δ which were obtained by numerical calculation of the set (2.1). The squares indicate the critical values correspond to equation (3.12) (figure 4), the triangles indicate the critical values calculated by the integral manifolds method. As follows from the figure, the TE phenomenon is clearly observed for small values of parameter γ in terms of abrupt increase of maximum temperature. In this case, the values of critical parameters calculated by both methods are close. However, with an increase of parameter γ , the slope of the curves decreases.
In this situation, the concept of a TE is becoming increasingly uncertain and subjective and the critical conditions become dependent on the method proposed for their calculation. As follows from figure 5, the method of maximum temperatures provides more reasonable estimates for calculating the lower limit of critical temperatures. It should be noted that the dependence of maximum temperature on parameter δ can be regarded as a strong dependence at least at γ = 0.075. In this case, the TE is not clearly pronounced but it is not degenerate. In such situations, the method of integral manifolds is inapplicable.
It is useful to consider the dependence of the critical value of conversion degree on parameter γ . The joint consideration of the first and second equations of the set (3.3) gives an opportunity to obtain this dependence which is presented in figure 6 . With an increase of parameter γ , the amount of reaction product (which is formed during preheating) increases. This leads to deceleration of reaction rate. In its turn, the accumulation of the reaction product during preheating anyway leads to degeneration of TE. So, we can see that in the case when TE is strictly pronounced: γ = 0.075, (figure 6) the amount of reaction product is about 40% by the end of the induction period. Obviously, the basic approximation of the classical TE theory (neglect of the product formation) is incorrect even in this case. (c) An example of the critical conditions calculation: azomethane decomposition
As an example of critical conditions calculation, we can consider the well-studied reaction of azomethane decomposition:
In accordance with the results of the study [12] , let us introduce the values of kinetic parameters: E = 192 kJ mol −1 , k 0 = 10 14 s −1 , Q = 18 017 kJ mol −1 , c = 10 768 J K −1 mol −1 . The dependence of critical pressure on temperature at various values of heat removal parameter αS/V can be found with the use of (3.12) taking into account the form of dimensionless parameters (3.1). This dependence is presented in figure 7a . As follows from the figure, the results calculated with the use of the analytical dependence (3.12) are in good agreement with the experimental results. Figure 7b shows the dependences of the critical conversion degree on pressure and temperature. We can observe that the pressure decrease leads to an increase of the critical temperature. In its turn, the temperature increase leads to an increase of parameter γ (formula (3.1) ). This determines an increase of the characteristic time of the reaction product formation with respect to the characteristic time of heat release.
As a consequence, the critical value of conversion degree increases (figure 7b). The dependence of critical conversion degree on temperature is close to linear in the investigated temperature interval.
The researchers often deal with the systems which are diluted by an inert component or reaction product. In this case, the ignition limit depends significantly on diluting factor and chemical reaction can be realized in controlled mode (so-called 'mild combustion' [13] ). Taking into account the first and second equation of the set (3.3), we can calculate the dependence of critical values of conversion degree at various values of diluting factor y 0 for reaction (3.13) . This dependence is presented in figure 8 . Obviously, the increase of ignition temperature (which can be connected with a decrease in pressure) leads to the increase of critical value of conversion degree. This eventually leads to TE degeneration due to the accumulation of reaction product during preheating. For example, the initial reagent burns out on 85% at the limit of degeneration at y 0 = 0.2. With an increase of diluting factor, the critical dependence shifts towards lower temperatures. This can be explained by the fact that the rate of reaction must increase with an increase of diluting factor for critical conditions realization. This must be accompanied by decrease in parameter γ (formula (3.1) ). The corresponding decrease in the critical temperature can be achieved by an increase in pressure (figure 7a). 
Discussion
It is known that the asymptotic theory of TE [1] reliably predicts the results of experimental data for the systems which are characterized by significant values of activation energy and heat effect. However, the problems connected with the critical ignition conditions determination for reactions with the low rate of heat release (smoldering modes, mild combustion) remain unexplored. In this situation, the significant influence on the critical conditions renders the rate of reactant consumption.
An important step towards solving this problem is the method of integral manifolds [2-6] which allows us to calculate the corresponding correction to the classical critical conditions. However, there is a class of exothermic reactions occupying an intermediate position when the reactant consumption may be significant (during preheating) while the exothermic reaction proceeds with all sights of TE. In this case, the critical conditions are not clearly defined and the system is far from the classical conditions of TE. The method proposed allows expanding the concept of critical conditions. The use of the maximum temperature equation gives an opportunity to estimate the upper limit of Todes criterion γ and its dependence on parameters. It determines the limit of TE existence. The dependence presented in figure 5 gives a more complete picture of the dependence of parameters at the limit of ignition. The set of equations (3.3) allows estimating the critical values of conversion degree and their dependence on conditions of reaction realization. This estimate is extremely important from the point of view of the explosion safety problems.
Conclusion
In this paper, the comparative analysis of the integral manifolds method and the method of maximum temperatures for the first-order reactions was conducted. It was established that these methods of TE critical conditions calculation lead to similar results at relatively small value of Todes parameter. With an increase of Todes parameter, the discrepancy of the values of the critical parameters can be observed. The analytical dependence which connects the parameters of reacting system at the limit of ignition was obtained with the use of the maximum temperatures equation. The degeneration conditions were determined as a thermal explosion existence limit. The critical ignition conditions for azomethane decomposition were obtained. Thereby, the critical values of conversion degree for diluted and undiluted reactant were calculated. The critical values obtained are in good agreement with the numerical calculation results and experimental data.
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